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Optimal and Reinforced Robustness Designs of
Fuzzy Variable Structure Tracking Control

for a Piezoelectric Actuator System
Chih-Lyang Hwang and Chau Jan

Abstract—In this paper, a piezoelectric actuator (PEA) system
is approximated by subsystems, which are described by pulse
transfer functions. The approximation error between the PEA
system and the fuzzy linear pulse transfer function system is
represented by additive nonlinear time-varying uncertainties
in every subsystem. First, a dead-beat to the switching surface
for every ideal subsystem is designed. It is called the “variable
structure tracking control.” The output disturbance of the th
subsystem is caused by the approximation error of fuzzy-model
and the interaction dynamics resulting from other subsystems.
In general, it is not small. Then, the -norm of the sensitivity
function between the switching surface and the output disturbance
is minimized. It is the “optimal robustness.” Although the effect of
the output disturbance is attenuated, a better performance can be
reinforced by a switching control which is based on the Lyapunov
redesign. This is the final step for the robustness design of control,
which is “reinforced robustness.” The stability of the overall
system is verified by Lyapunov stability theory. Experimental
work of a PEA system was carried out to confirm the validity of
the proposed control.

Index Terms—Dead-beat control, discrete-time variable struc-
ture control, fuzzy linear pulse transfer function (FLPTF),
Lyapunov stability theory, piezoelectric actuator (PEA) system,
sensitivity minimization in -norm space.

I. INTRODUCTION

PIEZOELECTRICITY is a fundamental process of electro-
mechanical interaction and is representative of coupling

in energy conversion. It relates dielectric displacement/electric
field to mechanical stress/strain in piezoelectric materials. The
application of an electric field to piezoelectric materials can in-
troduce mechanical stress/strain. Also, the position measure-
ment can be obtained by capacitive sensor. It is a well-known
commercially available device for managing extremely small
displacements in the range from 10 pm to a few 100m [1]–[7].
Piezoelectric structures are widely used in applications that re-
quire electric to mechanical energy conversion coupled with size
limitations, precision and speed of operation, e.g., precision sen-
sors, precision positioners, speakers, shutters, and impact print
hammers.

Recently, Tao and Kokotovic [5] use a simplified hysteresis
model to reduce the effect of hysteretic nonlinearities. However,
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the assumptions of minimum phase system and known relative
degree must be met. Ge and Jouaneh [6] discuss a comparison
between a feedforward control, a regular PID control, and a PID
feedback control with hysteresis modeling in the feedforward
loop. However, the control methods are dependent on the com-
plex Preisach model and are limited to a sinusoidal trajectory.
The nonlinear dynamics of the piezoelectric actuator (PEA) is
first linearized and then reformulated into a standard almost dis-
turbance decoupling problem in [7]. However, the result is only
suitable for a small operation range. Hwanget al. [8] use a for-
ward control to approximately cancel the hysteresis and then
apply a discrete variable structure control to enhance the per-
formance. There feedforward control is not required.

In general, fuzzy systems can be classified as Mamdani fuzzy
systems and Takagi–Sugeno (T–S) fuzzy systems [9]. Mamdani
fuzzy systems use fuzzy sets as rule consequent. However, T–S
fuzzy systems use functions of input variables as rule conse-
quent. In many studies (e.g., [10]–[12]), a nonlinear system was
first approximated by a T–S fuzzy linear model. Then, a model-
based fuzzy control was developed to stabilize the T–S fuzzy
linear model. Tanakaet al. [10] present fuzzy linear robust con-
trol with all state available for a class of uncertain nonlinear sys-
tems. For attenuating the effect of unmodeled dynamics,
optimization is employed to design a fuzzy linear control for
nonlinear dynamic systems [11]. Johansenet al. [12] define a
multiobjective identification of the dynamic T–S fuzzy model
that is a good approximation of both local and global dynamics
of the underlying system. However, these objectives are often
conflicting. Alternatively, a robust controller is still required to
obtain a better system performance. Moreover, the aforemen-
tioned approaches [9]–[12] need an observer if the state is not
accessible.

In this paper, fuzzy linear models are adopted to approximate
the PEA system. The fuzzy models of the proposed control
only need the second-order discrete-time input/output models
for different operating conditions [i.e., the linear pulse transfer
function (LPTF) systems]; they can be easily achieved by the
recursive least-squares parameter estimation [13] for different
premise variables. The approximation error between the PEA
system and the fuzzy LPTF (FLPTF) system is then char-
acterized as the additive nonlinear time-varying uncertainty
(ANTVU) in every subsystem. A dead-beat to the switching
surface for every ideal subsystem is first designed. It is called
the “variable structure tracking control.” In the current paper,
the output disturbance is caused by the approximation error
of fuzzy-model and the interaction dynamics resulting from
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Fig. 1. Control block diagram.

other subsystems. In general, it may not be small. Then, the
-norm of the sensitivity function between the switching

surface and the output disturbance is minimized. It is the
so-called “optimal robustness.” Although the effect of the
output disturbance is reduced, a better performance can be
reinforced by a switching control which is based on the
Lyapunov redesign. This is the final step for the robustness
design of control, which is called as “reinforced robustness.”
In short, the proposed control combines the advantages of
fuzzy control or modeling (e.g., FLPTF) and robust control
(e.g., dead-beat to switching surface, minimax optimization of
sensitivity function, Lyapunov redesign for switching control)
to design a simple and effective fuzzy robust controller for a
PEA system. The experimental results confirm the validity of
the proposed control.

II. M ATHEMATICAL PRELIMINARIES

A discrete-time signal at the th sampling interval
(i.e., ) of a continuous signal is represented by

. A polynomial representation is defined as
follows: , where , for

, denotes bounded real coefficients, is the
system degree [i.e., if ], and
is the backward-time shift operator [i.e., ].

and denote the stable and unstable part of
, respectively. Without loss of generality, the polynomial

is assumed to be monic [i.e., ] to render
a unique factorization. The superscriptof a polynomial, e.g.,

, represents the polynomial of theth subsystem. The

symbol is used. Then, the rational
function is a stable, causal, and all-pass

operator, i.e., . The notation

is adopted.
denotes a fuzzy set of ; denotes a fuzzy term

of selected forrule i. denotes a
scalar multiplication. is the Kronecker delta: , if

, otherwise.

III. PROBLEM FORMULATION

Consider the following PEA system (cf. Fig. 1):

(1)

where represents an unknown PEA system, and
denote the system output and the system input, respectively.

A fuzzy dynamic model to represent local linear input/output
relations of the PEA system is described by fuzzyIF–THEN rules.
The th rule of this fuzzy dynamic model for the PEA system is
expressed as follows:

System Rule :

(2)

where , , is the delay (i.e.,
) for , where is the number ofIF–THEN

rules, denotes the output from theth IF–THEN rules, and
are premise variables which are functions of

. As-
sume that and are coprime, .

The output of the overall fuzzy system is inferred as follows:

(3)

where and
. Based on the approximation of fuzzy

linear model (e.g., [9]–[12]), the PEA system is approximated
by the overall fuzzy model with the following ANTVU

in every subsystem [14]:

(4)

where , , and
are bounded. The ANTVU is caused by

the hysteretic feature of the PEA system. Assume that the fuzzy
controller shares the same fuzzy sets with the fuzzy system (2)

Control Rule :

(5)

where the polynomials and are se-
lected such that theth subsystem (2) is stable and the specific
trajectory tracking is accomplished, and represents the
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Fig. 2. Equivalent control block diagram of Fig. 1.

switching control of theth subsystem (2) to improve the system
performance. The overall fuzzy control is inferred as follows:

(6)

The nominal closed-loop characteristic polynomial of theth
subsystem is defined as follows:

(7)

Then, the closed-loop output response of theth subsystem is
obtained from (4) and (6)

(8)

where , where
is the same as (5), denotes an interaction dynamics on the

th subsystem due to other subsystems. After some mathemat-
ical manipulations, we have

(9)

where denotes the output
disturbance of theth subsystem caused by the approximation of
fuzzy-model and the interaction dynamics. It may not be small.
Hence, a sufficient condition for the existence of (9) is the term
in braces of (9) is equal to zero, i.e.,

(10)

This is the output of theth closed-loop subsystem. The refer-
ence input is assumed as follows:

(11)

where and are coprime. Define the following
switching surface:

(12)

where and is a stable monic polyno-
mial. Then, the switching surface response from the inputs

and is accomplished from (12) and (8), i.e.,

(13a)

where

(13b)

(13c)

(13d)

The major contributions of this paper are described as follows
(cf. Figs. 1 and 2).

1) A fuzzy control based on a FLPTF [i.e., (2)] is constructed
to stabilize the PEA system (1) or (4) subject to the output
disturbance of theth subsystem [i.e., ].

2) The fuzzy equivalent control [i.e., the polynomials
and ] is designed to satisfy

the following two requirements.

a) For the ideal subsystem [i.e., ],
the response of the operating point is dead-beat to the
switching surface [13].

b) A minimax optimization for sensitivity function [i.e.,
minimization of ] is employed to atten-
uate the effect of the output disturbance.

3) Based on the Lyapunov redesign, the switching control of
th subsystem [i.e., ] is then designed to reinforce

the performance of the PEA system (1).
4) The corresponding experiments are arranged to verify the

validity of the proposed control. It is not limited to sinu-
soidal trajectories.

IV. FUZZY MODELING OFPIEZOELECTRICACTUATOR SYSTEM

The dynamics of the PEA system is strongly dependent on the
hysteresis behavior [8]. The dominant factors of the hysteretic
loop are the magnitude and the polarity of the input signal (cf.
Fig. 3). The frequency of the input signal mildly influences the
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Fig. 3. Hysteresis characteristic.

(a)

(b)

Fig. 4. Experimental setup of the overall system. (a) Photograph. (b) Control
block diagram.

dynamics of PEA. Hence, the premise variables are defined as
follows: and
(see Fig. 4). Consequently, the number and distribution of mem-
bership functions are suitably determined. A system input (e.g.,
a combination of different magnitudes and frequencies of sinu-
soidal signal or only one fixed frequency of sinusoidal signal)
is applied to the PEA system. Thus the input/output data corre-
sponding to theth fuzzy rule (or subsystem) are fed into the fol-
lowing recursive least squares parameter estimation (14) (e.g.,
[13]) to obtain the coefficients of the polynomials and

(14a)

(14b)

(14c)

where

(14d)

(14e)

The initial values and for
( is an unit matrix and is a sufficiently large positive real
number) are set. Similarly, other subsystems are obtained. Due
to the advantage of the fuzzy-model, the linear dynamic models
obtained from the input/output data by (14) are easy and ac-
ceptable. Finally, all the subsystems are combined together by
the normalized weighting , for to form a
fuzzy-model of the PEA system. The details are in Section VI.

After the achievement of the fuzzy-model for the PEA
system, a verification of fuzzy-model (e.g., sinusoidal re-
sponses of different frequencies and magnitudes for the
fuzzy-model and the PEA system) must be arranged to confirm
the effectiveness of the proposed modeling. If the fuzzy-model
is not acceptable for representing the PEA system, the fol-
lowing modifications are made to enhance the fuzzy modeling
of PEA system.

1) An adjustment of the shape of membership functionis first
proposed to enhance the accuracy of modeling.

2) If the modeling is still not satisfactory,an increase of
the fuzzy ruleis arranged to enhance the performance of
modeling.

3) A different selection of the premise variablesis also sug-
gested to improve the accuracy of modeling.

4) An optimization procedure based on some input/output
data is applied to obtain a more effective fuzzy-model.

V. CONTROLLER DESIGN

A. Dead-Beat to Switching Surface of theth Subsystem

First, the output disturbance and the switching control are as-
sumed to be zero. For achieving the dead-beat (or finite-time
arrival) of the switching surface, the overall response of the
switching surface must have the following form:

(15)

where is a polynomial of th subsystem with the degree
which is the same as the number of dead-beat steps [15].

Remark 1: Because , if
is same for every subsystem. In addition, the polynomial

in (12) is assumed to be the same for every subsystem.
Substituting (11) and (13b) into (13a) gives

(16)

Comparing (15) and (16) yields

(17)
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Since is stable, the denominator of the right-hand
side of (17) must be stable. Hence, the following equations are
obtained:

(18)

(19)

Rewrite (19) as the following Diophantine equation:

(20)

where and are coprime, the monic poly-
nomial with the degree , and the
polynomial has the degree . Assume that

(21)

From (7) and (17)–(21), the following equations hold:

(22)

(23)

where is a stable polynomial with the degree
. From (20), (21), (22) and (7),

the following nominal closed-loop characteristic polynomial is
then obtained:

(24)

The previous design addresses the finite-time setting to the
switching surface for the idealth subsystem.

B. Minimax Optimization of Sensitivity Function

In this subsection, the task is to find the polynomials
and such that the minimization of is si-
multaneously achieved. Based on the previous results, the min-
imization must satisfy the following interpolation constraints
[14], [16], [17]:

(25a)

(25b)

where , and

denote the zeros of and , respectively.
Lemma 1 [14], [16], [17]:

1) The optimal which minimizes is of
an all-pass form

if

if

where the polynomial is monic and stable.
2) The constant and are real

and are uniquely determined by the interpolation constraints
(25). Furthermore, the minimized is given by

Based on the result ofLemma 1and the constraint (25), the
following equation is achieved:

(26)

Furthermore, the constraint (25b) yields the following result:

(27)

where and . This, in
turn, means

(28)

By the solution of (28) for and , the following equa-
tions are obtained from (13c) and (26):

(29)

(30)

Comparing (29) and (24) results in

(31)

where is a stable polynomial. Then, from (29)–(31)

(32)

(33)

Using the relations (32), (33), and (27) into (7) yields

(34)

From (23) and (31), the polynomial is achieved
as follows:

(35)

That is, the control parameters
for the dead-beat to the switching surface and the minimax opti-
mization of the output disturbance are obtained from (33)–(35).

C. Fuzzy Switching Control for Reinforced Robustness

The proposed fuzzy switching control is designed as follows:

(36)

where is the same as (32), is a causal stable
rational weighting function and is given in (45). Substi-
tuting (36), (13c), and (15) into (13a), we have

(37)

where . The results
of the first and second terms in the left-hand side of (37)
are obtained from Sections V-A and V-B, respectively. By a
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suitable selection of the weighting function
is designed as a low-pass filter to attenuate the high-frequency
component of switching control of theth subsystem [18].
Based on the facts in (4) and ,
the signal in (37) contains the effect
of the switching control of theth subsystem, i.e., .
It must be decomposed into two parts for the stability analysis:
one includes and the other is without it. From (4),
(6), and (12), the following equation is assume to be true:

(38)

where , , ,
. However, the interaction dynamics does not con-

tain . Define the difference of as follows:

(39)

Thus, from (36) and (39)

(40)

where

(41)

(42)

The upper bound of is estimated as follows:

(43)

where ,
, , ,

satisfying the following inequality:

(44)

where is the domain containing the
poles of and the zeros of . The control in (45)
is then employed to deal with the unmodeled dynamics

(45)
where

(46)

The switching gain in (45) satisfies the following inequality:

(47a)

(a)

(b)

Fig. 5. Membership functions for premise variables. (a)z (k). (b) z (k).

where

(47b)

(47c)

(47d)

Theorem 1: Consider the system (1) and the controller
(7) with in (36) and in (45). Suppose the
polynomials and are achieved from
(33)–(35). Suppose also that the inequalities in (43) and (44)
are satisfied. Then, is bounded, is bounded in
the sense of the minimum sensitivity between the switching
surface and the output disturbance, and

(48)

Proof: See the Appendix.

D. Proposed Control Algorithm

The proposed design procedure for the control algorithm is
described as follows.

Step 1) Factorize the th subsystem as
, .
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(a) (b)

(c) (d)

Fig. 6. The output responses of system(�) for the inputs(� � �). (a) 6 sin(10�k) + 30sin(20�k) �m. (b) 36 sin(30�k) �m. (c) 36 sin(10�k) �m.
(d) 36 sin(20�k) �m.

Assign a reference input: ;
similarly, . The
coefficients of the switching surface in (12) [i.e.,

] are also appropriately selected.
Step 2) The polynomials and are ob-

tained from (20). The scalar and the polynomial
are from (28); by long division, the poly-

nomial is then obtained from (27).
Step 3) The equivalent control of theth subsystem, i.e.,

, for the dead-beat to
the switching surface, and the minimax optimization
of the output disturbance, are accomplished from
(33)–(35) for a stable polynomial .

Step 4) The switching control of theth subsystem is deter-
mined from (36) and (45).

Step 5) Finally, the overall fuzzy control is achieved from
(6).

VI. EXPERIMENTS

A. Experimental Setup

The PEA system consists of two parts: piezomechanism
(including translator, position sensor, driver, and carriage
mechanism) and personal computer [including 16-bit AD/DA
card (PCL-816) and proposed control program]. The block
diagram of the experimental setup is shown in Fig. 5. The
carriage mechanism is made of steel for enhancing the strength
of the mechanism. Four linear guides provided by THK Co.,
Japan (Model no. VRU3088) are used to support the moving
part of the mechanism. Furthermore, a high-speed spindle
with weight 3.5 kg is fixed on the carriage mechanism. The
piezoelectric actuator system is a Model no. P-246.70 from
Physical Instrument (PI) Co., Germany. Its specifications are
briefly described as follows: maximum expansion 120m,
electric capacitance 3000 nF, stiffness 190 N/m, resonant
frequency 3.5 kHz, and temperature expansion 2m K . The

TABLE I
MAXIMUM STEADY-STATE TRACKING ERRORS

position signal is achieved by a position sensor, i.e., Model
no. P-177.10 of PI Co. The signal is received by a A/D card in
an 80 586 personal computer. Together with a reference input
in the computer program written by Turbo C, the control signal

is calculated. The control input through the D/A card is
then sent to the driver, which is a Model no. of P-271.10 from PI
Co. The output signal of the driver with voltage between200
and 1000 volt is used to drive the piezoelectric actuator. The
different position signal is accomplished by using a different
input signal. The process is repeated until the total process
time is over. The time required for every process is called the
“control cycle time ( ).” In this paper, s.

The responses of the open-loop PEA system for the in-
puts: m, m,

m, and m, are presented in the
Fig. 6(a)–(d), respectively. The maximum steady-state tracking
error of Fig. 6 is about 23.2% of the amplitude of input (cf. its
absolute values in Table I). Hence, an effective controller is
required.

In addition, the PID controller is employed to control the
PEA system. The form of the discrete-time PID controller is
described as follows (cf. [6]):

(49)
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(a)

(b)

Fig. 7. The output response of the PID control(�) for the reference input
36 sin(20�k) �m (� � �). (a)T = 20; T = 0:00005; K = 2:2. (b)T =
20; T = 0:00005; K = 2:4.

The responses due to the PID control with
for the reference input m, and different

are depicted in Fig. 7(a) and (b) ,
respectively. In general, the larger the parameteris, the more
accurate the result is. However, in Fig. 7(b) a too large parameter

results in an oscillatory response. The other selections of
control parameters for (49) render similar response in Fig. 7.
Because the PEA fundamentally exhibits the nonlinearity and
hysteresis, the linear PID controller cannot have a satisfactory
trajectory tracking for the PEA system.

B. Modeling

Based on the result of Section IV, six fuzzy-model rules with
the corresponding premise variables and are ex-
pressed as follows:

System Rule :

(50)

where , , the membership functions are
chosen as follows (cf. Fig. 5):

if

otherwise

if

otherwise.
(51)

The normalizing weight for the fuzzy rule is described as fol-
lows: , where

The nominal coefficients of six subsystems for the input signal
m, are presented as follows:

(52)

Six subsystems of (52) are all of nonminimum phase and are
stable.

The output responses of the mathematical model and the PEA
system for the same inputs of Fig. 6, are shown in Fig. 8(a)–(d),
respectively. The maximum modeling errors of Fig. 8 are about
8.8% of the amplitude of the input (or 3.2m). It indicates that
the proposed - fuzzy modeling is acceptable.

C. Control Performance

The switching surface (12) for the proposed control is
selected as follows:

, they are in well-damped region [13]. The
fuzzy switching control [or ] uses the following
control parameters: , , ,

, ,
and . The
corresponding switching control gain [i.e., ] is
a low-pass filter attenuating the high-frequency compo-
nent of the switching control. The output of the proposed
control without using the fuzzy switching control for
the reference inputs: m,

m, and m, are
shown in Fig. 9(a)–(d), respectively. The maximum steady-state
tracking errors of Fig. 9 are about 8.9% (cf. Table I). The con-
trol performance is dependent on the accuracy of the T–S fuzzy
model.

The output response of the proposed control for the same ref-
erence inputs of Fig. 9 are presented in Fig. 10(a)–(d), respec-
tively. Their maximum steady-state tracking errors are about
4.5% of the magnitude of the corresponding reference input (cf.
Table I). The maximum steady-state tracking errors of Figs. 9
and 10 are 8.9% and 4.5%, respectively, i.e., the fuzzy switching
control improves the system performance by about 50%. The
main reason for this is that the response of traditional fuzzy
linear feedback control is a little inferior for the PEA system
with notable hysteresis. Fig. 11(a) shows the corresponding con-
trol input of Fig. 10(a); it can be seen that the control input is
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(a) (b)

(c) (d)

Fig. 8. The output responses of the mathematical model(�) and the system(� � �) for the inputs. (a)6 sin(10�k) + 30 sin(20�k) �m. (b)36 sin(30�k) �m.
(c) 36 sin(10�k) �m. (d)36 sin(20�k) �m.

(a) (b)

(c) (d)

Fig. 9. The output responses of the proposed control without fuzzy switching control(�) for the reference inputs(� � �). (a)6 sin(10�k) + 30 sin(20�k) �m.
(b) 36 sin(30�k) �m. (c)36 sin(10�k) �m. (d)36 sin(20�k) �m.

smooth enough. The corresponding response of the switching
surface of Fig. 10(a) is shown in Fig. 11(b) that is in the neigh-
borhood of the switching surface due to the existence of un-
certainties. Although the fuzzy model (52) is identified by the
combination of sinusoidal signals, the proposed controller based
on this fuzzy model can be applied to track the sinusoidal tra-
jectory of different frequencies (e.g., 5, 10, and 15 Hz). Due to
the robustness of the proposed control, the tracking results are
satisfactory.

VII. CONCLUSION

Because the dynamics of the PEA system is strongly depen-
dent on the hysteretic behavior, the dominant factors of the hys-
teretic loop are the amplitude and polarity of the input signal.
The frequency of the input signal only mildly affects the dy-
namics of the PEA. Hence, the premise variables of the-
fuzzy linear model are selected as and

. After the verification of fuzzy model,
the fuzzy equivalent and the fuzzy switching control are em-
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(a) (b)

(c) (d)

Fig. 10. The output responses of the proposed control(�) for the reference inputs(� � �). (a) 6 sin(10�k) + 30 sin(20�k) �m. (b) 36 sin(30�k) �m.
(c) 36 sin(10�k) �m. (d)36 sin(20�k)�m.

(a)

(b)

Fig. 11. The responses of the proposed control for the reference input
6 sin(10�k) + 30sin(20�k) �m. (a)u(k). (b)�(k).

ployed to control the PEA system. The fuzzy equivalent control
is designed based on a technique of dead-beat to the switching
surface and a minimax optimization of the sensitivity function
between the switching surface and the output disturbance. Fur-
thermore, the effect of the approximation error of fuzzy-model
and the interaction dynamics resulting from other subsystems
is attenuated. The fuzzy switching control is also applied to re-
inforce the performance in the face of the approximation error
and the interaction dynamics. In this situation, the performance
of the proposed control is better than that of traditional fuzzy

linear feedback control (e.g., the proposed control without the
fuzzy switching control). In addition, the proposed control does
not require a state estimator or a solution of a common pos-
itive–definite matrix for every subsystem [9]–[12]. It amalga-
mates the advantages of model-based fuzzy control and the ro-
bust control to accomplish an effective and simple controller for
the PEA system. It is believed that it can be applied to other
tracking control problems.

APPENDIX

PROOF OFTHEOREM 1

The following Lyapunov function is defined:

(A1)

In fact, . Then, the change rate of (A1) is given
as follows:

(A2)

First, is considered. Suppose
, where ,

. Then, the following equation is achieved by using (40), (43),
(44), (A1), (A2), and the fact
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(A3)

where

(A4)

If , for , then [or
]. Because

(A5)

both and for ,
are achieved. Substituting (43) into (A5) yields

(A6)

From (A5) and (A6), (46) is achieved. In summary, the
switching gain chosen from (47) makes .
Then, are bounded and the performance (48) is
accomplished.

Similarly, the case is obtained.
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